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A colored ((0, k)-) hypergraph is a triple, (Z, V,S), where C is a set of symbols 
called colors, V is a tinite set of vertices, and f: P( V, 0, k) +X is a color function. 
Here P( V, 0, k) = {A c VI 0 < #A < k). For any two colored hypergraphs G and 
G’ of order n and any O<m <n, this paper introduces the notion of a double 
m-hypomorphism from G onto G’, and poses a reconstruction conjecture which 
asserts that any two colored hypergraphs of order n are isomorphic iff they are 
doubly m-hypomorphic for some 0 <m <n. Several properties of this conjecture are 
presented among which are (1) the restricted version of this conjecture to simple 
graphs is equivalent to the Ulam’s Reconstruction Conjecture, (2) any 
hypomorphic pair (X,,, Y,), n = 2,3, . . . . of 3-hypergraphs of W. L. Kocay (J. Com- 
bin. Theory Ser. B 42, 1987. 4663) does not satisfy the conditions in this conjec- 
ture, and (3) any two (0, k)-hypergraphs G= (C, V,f) and G’= (C. V’,f’) are 
isomorphic if there exist a bijection LY: V + V’ and an integer m, k<m< #V-k. 
such that for any k-subset W of V, G - W is isomorphic to G’-a( W). c 1992 
Academic Press, Inc. 
1. INTRODUCTION 
The Reconstruction Conjecture of Ulam is one of the best known open 
problems in Graph Theory. This conjecture asserts that any two (finite, 
undirected) hypomorphic graphs with more than two vertices are 
isomorphic. Here any two graphs are said to be hypomorphic if there exists 
a one-to-one correspondence between their sets of one-vertex-deleted 
subgraphs such that any two mutually corresponding one-vertex-deleted 
subgraphs of these two graphs are isomorphic. 
Kocay [9] presented an infinite family of pairs (X,, Y,), n = 2, 3, . . . . of 
3-hypergraphs which is a hypomorphic pair, but not an isomorphic pair. 
This paper presents a new reconstruction conjecture (called the Double 
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Reconstruction Conjecture) about colored hypergraphs whose conditions 
X, and Y,, n = 2, 3, . . . . in Kocay’s family do not satisfy. 
We begin with definitions and notation. 
A colored hypergraph G is a triple, (C, V,f), where C is a set of 
symbols called colors, V is a finite set of vertices, and f is a color function 
f: P( I’) + C. Here P(V) is the power set of V. 2, J’, and f are often 
denoted by C(G), V(G), andf(G), respectively. We assume that C always 
contains a special symbol 0 (zero) such that for any B c V, f(B) = 0 means 
G does not contain B as an edge. G is often called a C-hypergraph, and 
denoted by the pair, ( V,f), when Z is understood. Thus a (usual) hyper- 
graph is a { 0, 1 }-hypergraph. In this paper, a hypergraph means a colored 
hypergraph. A hypergraph (Z, V, f ) is a (h, k)-hypergraph for k > h 2 0 
if for any BE P(V), f(B) # 0 implies h < #B d k, where #B is the car- 
dinality of B. A (k, k)-hypergraph is simply called a k-hypergraph. A (h, k)- 
hypergraph (C, V, f) is often denoted by the triple, (C, V, f’ ), where f’ 
is the restriction off to P(V, h, k) and P(V, h, k)= {Bc Vlhd #B<k}. 
For any (h, k)-hypergraph G = (Z, V,f ) and any WC V, G - W denotes 
the (h, k)-hypergraph (2, V- W, f’ ) such that f’ is the restriction off to 
P( V - W, h, k). For any two Z-hypergraphs G = ( V, f ) and G’ = ( v’, f’ ), 
an isomorphism from G onto G’ is a bijection CI: V + V’ such that for any 
A c V, f (A) = f ‘(x(A)). G and G’ are said to be isomorphic, written G 2: G’, 
if such an isomorphism exists. For any four C-hypergraphs, Gj, 1 d id 4, 
(G,, G,)z (G3, G4) means G, =G, and G?=G,. A subgraph of a 
E-hypergraph ( V, f) is a Z-hypergraph, ( V’, f' ), such that there exists 
an injection c(: V’ + V for which the following holds : for any A c V’, 
f'(A)#O implies f'(A)=f(cc(A)). 
This paper consists of live sections. Section 2 introduces the notion of a 
double m-hypomorphism for any two colored hypergraphs of order n and 
for any 0 <m <n, and poses the Double Reconstruction Conjecture which 
asserts that any two colored hypergraphs of order n are isomorphic iff they 
are doubly m-hypomorphic for some 0 <m <n. Section 3 presents the 
Smaller Subgraph Reconstruction Theorem which states that any two 
(0, k)-C-hypergraphs G = ( V, f ) and G’ = ( V’, f' ) are isomorphic if there 
exist a bijection a : V + V’ and an integer m, k 6 m < # V - k, such that for 
any k-subset W of V, G - W is isomorphic to G’ - a( W). Section 4 presents 
several properties of the conjecture one of which states that the restricted 
version of the conjecture to simple graphs is equivalent to Ulam’s 
Reconstruction Conjecture. The final section proves that any pair (X,, Y,), 
n 2 2, of 3-hypergraphs in Kocay [9] does not satisfy the conditions in the 
conjecture. 
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2. THE DOUBLE RECONSTRUCTION CONJECTURE 
4 denotes the empty set. V(k) is the set of k-subsets of V for any set V 
and k > 0. Let G = (C, V, f ) be any hypergraph. For any 0 < m < # V, and 
WC V with # W= m, we define two hypergraphs, G( W, 4) and G( W, 1 4) 
as follows: 
(1) G(W,qS)=(Z, V,f’), where for any AC V, 
(1.1) f’(A)=f(A)ifAn W=q$ 
(1.2) f'(A) = 0 otherwise. 
(2) G( W, 1 4) = (C, V, f” ), where for any A c V, 
(2.1) f”(A)=f(A) if An W#d; 
(2.2) f”(A) = 0 otherwise. 
Let G = ( V, f) and G’ = ( V’, f’ ) be two C-hypergraphs, and 
0 <rn < # V. Then G and G’ are said to be m-&hypomorphic (m- 1 q5- 
hypomorphic, respectively) if there exists a bijection CI: V + V’ such that 
for any WC V with # W=m, G(W, ti)=G’(cx( W), 4) (G(W, 1 4)~ 
G’(cr( W), 1 q4), respectively). Such c1 is called a m+hypomorphism 
(m- 1 &hypomorphism, respectively) from G onto G’. G and G’ are said 
to be doubly m-hypomorphic if there exists a bijection tl : V + v’ such that 
for any WC V with # W=m, (G(W, d), G(W, 14))~ (G’(cr(W), q5), 
G’(cr( W), 1 4)). Such a is called a double m-hypomorphism (or simply a 
double hypomorphism) from G onto G’. Thus a (usual) hypomorphism is 
a l+hypomorphism in this paper. 
This paper poses the following conjecture. 
The Double Reconstruction Conjecture. For any two C-hypergraphs, 
G=(V,f)andG’=(V’,f’),G-G’iffforsomem,O<m<#V,Gand 
G’ are doubly m-hypomorphic. 
The rest of this section will present some elementary properties of double 
hypomorphisms. 
PROPOSITION 1. Let G = ( V, f) and G’ = ( V’, f’ ) be two Z-hyper- 
graphs, and ctI V + V’ be an isomorphism. Assume that there exist u, v E V 
and aeC such that f(A)=a for any AcV with {u,v}nA#@. Then 
~1’ : V + V’ is also an isomorphism, where CL’(U) = M(V), U’(V) = E(U), and 
cd(x)=a(x) for any .xE V- (2.4, v}. 
Proof If such u and v exist, then u and v can be regarded as “isolated” 
vertices. 
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PROPOSITION 2. For any two Z-hypergraphs, G = ( V, f ), G’ = ( V’, f’ ), 
any bijection a: V + V’, and any WC V, G( W, 4) N G’(a( W), 4) iff 
G- W=G’-a(W). 
One can prove the following lemma exactly as in Kelly [S]. 
KELLY'S LEMMA. Let G=(V,f), G’=(V’,f’), and T=(V”, f”) be 
three Z-hypergraphs and a : V + V’ be a 1-&hypomorphism from G onto G’ 
such that 1 < # V” < # V> 3. Let V= {u,, . . . . v, }. Assume that T occurs as 
a subgraph a times in G, b times in G’, a, times in G as a subgraph which 
has vi as a vertex, and bi times in G’ as a subgraph which has a(vi) as a 
vertex (1 <iQn). Then a=b andai=bifor all i. 
COROLLARY 1. Let G=(V,f) and G’=(V’,f’) be two (0,2)-hyper- 
graphs. Then G and G’ are l-Qhypomorphic iff G and G’ are doubly 
1-hypomorphic. 
3. THE SMALLER SUBGRAPH RECONSTRUCTION THEOREM 
This section proves the following theorem. 
THE SMALLER SUBGRAPH RECONSTRUCTION THEOREM. Any two (O,k)-C- 
hypergraphs of order N are isomorphic iff they are m-&hypomorphic for some 
m with m=O or kdm<n-k. 
C is the set of complex numbers. For any matrix A, AT is the transpose 
of A. 
DEFINITION 3.1. For any C-hypergraph G = ( V, f ) and 0 d h < # V, 
e(G, h) is defined by 
e(G,h)= 1 f(A). 
AeP(l’,h) 
Let k be a positive integer. We shall first present the definition of a 
square matrix M(n, k), where n 2 2k is an integer. Let V, = { 1, . . . . n}. We 
number P( Vn, k ) in some fixed way. Thus I’( V,, k) = {e I, ez, . . . . ep ), where 
P= (;). 
DEFINITION 3.2. Let n 2 2k, V, and P( V,, k) be as above. M(n, k) is the 
square matrix of dimension p = (;) whose ith row ai= (ail, . . . . a@), 
1 d i <p, is defined as follows : for all 1 <j < p, 
(1) uii= 1 if e,r\e,=@; 
(2) a, = 0 otherwise. 
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Remark 3.1. Since we can number P( V,, k) in many ways, there exist 
many M(n, k). However, in the sequel, we consider some fixed numbering 
of P( V,, k) and the corresponding M(n, k). 
The following theorem is well known (see, e.g., [7]). 
THEOREM 1. For any n > 2k, k 3 1, M(n, k) is nonsingular. 
The following lemma plays a key role in this section. 
MAIN LEMMA. Let k 2 1 and G = ( V, f ) and G’ = ( V’, f' ) be two k-C- 
hypergraphs and # V 3 2k. Assume that there exists a bijection u: V -+ V’ 
such that for any WC V with # W = k, it holds that e(G - W, k) = 
e(G’ - a( W), k). Then c( is an isomorphism from G onto G’. 
Prooj Assume that the conditions hold. We put n = # V, and may 
assume without loss of generality that VA V’ = V, = (1,2, . . . . n} and c( is 
the identity mapping. We number P( V,, k) in some fixed way. Thus 
P(V,, k) = {e,, . . . . e,}, where p = (“,). We define M(n, k) as in Detini- 
tion 3.2. Now for each 1 < i<p, let xi be a variable representing f (e,). Then 
(x I , ..., xP) satisfies the equation 
Mb, k)(x,, . . . . x,JT= (cl, . . . . cpJT, where c, = e(G - ei, k) for all i. 
Since M(n, k) is nonsingular, this equation has a unique solution, 
txi, ..*Y xp)T=M(n, k)-’ (cl, . . . . c,)~. By assumption, the same equation 
holds for G’. Thus we can conclude that f (ei) =f’(ei) for all 1 < i dp. Thus 
a is an isomorphism. 1 
The following theorem is the main result of this section. 
THEOREM 2. Let k 2 1 be an integer, and G = ( V, f ) and G’ = ( V’, f’ ) 
be two k-C-hypergraphs. Then G N G’ if there exist an integer m and a bijec- 
tion ~1: V+ V’ such that (1) k<m< #V-k, and (2) for any WC V with 
# W= m, it holds that e(G - W, k) = e(G’ - a( W), k). Moreover if such 
c( exists for some m, k < m < # V-k, then c( is an isomorphism from G 
onto G’. 
Proof: We put n = # V. Let k <m $ n -k. The proof is by induction on 
m. When m = k, the assertion follows from the main lemma. Let k <m < 
n-k, and assume that the conditions hold. We may assume that 
v= V’ = { 1, . ..) n>, and CL is the identity mapping. By induction, it will 
suffice to show that for any WC V with # W=m - 1, e(G- W, k)= 
e(G’- W, k). Let W= {ul, . . . . u,,- 1 }. We consider two C-hypergraphs, 
G,=G- (U ,,..., u,,-~} and G,=G’- (U ,,..., ~4,~~). By the hypothesis, 
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it is easy to see that for any IV,, c V- {u,, . . . . umPk} with # W, = k, 
it holds that e(G- W,, k) =e(G’- W,, k). By the main lemma, the 
identity mapping on V- { ul, . . . . u,-~ } is an isomorphism from GO 
onto G,. This implies that e(G- W, k)=e(G,- (u,pk+l, . . . . u,-l}, k)= 
e(G,-{u,-,+,,...,u,~,),k)=e(G’-W,k). I 
THEOREM 3. Let k 3 1 be an integer and G = ( V, f) and G’ = ( V’, f’ ) 
be two (0, k)-C-hypergraphs. Then G u G’ if there exist an integer m and a 
bijection CI: V+ V’ such that (1) k<m6 #V-k, and (2) for any WC V 
with #W=m and any O<h<k, it holds that e(G- W,h)= 
e(G’ - a( W), h). Moreover if such a exists for some m, k < m < # V - k, 
then c( is an isomorphism from G onto G’. 
Prooj For k < m < # V-k, the assertion follows from Theorem 2. 1 
Now the Smaller Subgraph Reconstruction Theorem follows from 
Theorem 3 since we can reduce the isomorphism problem about any two 
C-hypergraphs G and G’ for any alphabet C to the isomorphism problem 
about the corresponding two C-hypergraphs, obviously. 
The Smaller Subgraph Reconstruction Theorem will be called S.S.R.T. in 
the sequel. 
4. PROPERTIES OF THE DOUBLE RECONSTRUCTION CONJECTURE 
This section presents several properties of the Double Reconstruction 
Conjecture. 
THEOREM 4. Let k > 0. Any two k-Zhypergraphs G = ( V, f) and 
G’ = ( V’, f’ > are isomorphic iff for some m with m = 0 or k Q m =$ # V, G 
and G’ are doubly m-hypomorphic. 
Proof: Necessity is clear. Sufficiency. For m = 0 or k < m < # V - k, the 
assertion follows from S.S.R.T. For # V-k <m < # V, it suffices to note 
that for any WC V with # W= m, G( W, 1 4) = G. 1 
THEOREM 5. Any two (k, k + 1 )-.Y-hypergraphs G = ( V, f ) and 
G’ = ( V’, f’ ) are isomorphic iff for some m with m = 0 or k + 1 d m d # V, 
G and G’ are doubly m-hypomorphic. 
Proof. Necessity is clear. Sufficiency. For m = 0, or k + 1 < m < # V - 
(k + l), the assertion follows from S.S.R.T. For # V-k + 1 d m 6 # V, the 
assertion is obvious since G = G( W, 1 4) for any WC V with # W= m. 
Now let m= #V-k. Let ~1: V + V’ be a double m-hypomorphism from 
G onto G’. Consider any W c V with # W= m. Then G( W, 1 4) IV_ 
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G’(cr( W), 1 4). Let /? be an isomorphism from G( W, 1 4) onto 
G’(a( W), 1 4). Since G( W, 4) N G’(a( W), 4), f( V- W) =f’(a(V- W)). 
Thus if D( V- W) = c1( V- W), then b is an isomorphism from G onto G’. 
Assume the contrary. Put X= cr-‘(b( V- W)). Then f(X) =J’(fi( V- W)) 
since G( V- X, 4) ?: G’(cc( V- X), 4). Thus f(X) = f’(/?( V- W)) \= 
fO( I/-- W) = 0, where f0 is the color function of G( W, 1 4). Let y be an 
isomorphism from G( V- X, 1 4) onto G’(a( V- X), 1 4). Then f(X) = 
f’(y(X)) = 0, and y is an isomorphism from G onto G’. 1 
THEOREM 6. Any two (0, k)-Z-hypergraphs G= (V, f) and G’= 
( V’, f’ > are isomorphic iff for some m with m = 0, k < m < # V-k, or 
# V - 2 6 m < # V, G and G’ are doubly m-hypomorphic. 
Proof: Necessity is clear. Sufficiency. For m = 0, k <m < # V-k, or 
m = # V, the assertion is clear as above. Let m = # V- 2, and a be a 
double m-hypomorphism from G onto G’. When # V< 3, the assertion is 
clear. Let # V > 4. We have two cases. 
Case (1). For some distinct U, u E V, f(u) = f (u). Here f(u) denotes 
f ({ u}). Put W= V- (u, u>. Let fi be an isomorphism from G( W, 1 4) 
onto G’(a( W), 1 4). Since G( W, 4) z G’(a( W), #), f (V - W) = 
f ‘(a( V- W)). Assume that b( V- W) = a( V- W). Then b is an 
isomorphism from G, onto G&,,,, where G, = ( V, fO ), Gh(,,, = ( V’, f, ), 
and fO(f,) is the restriction off to P(V)- {{u}, {u}, q4} (the restriction of 
f’ to P( V’)- {{a(u)}, {a(u)}, q5}, respectively). We note that (1) for each 
XE V, f(x) =f’(a(x)) because of S.S.R.T., and (2) f (4) =f ‘(4) since 
G( W, 4) N G’(a( W), 4). Thus j? is an isomorphism from G onto G’ since 
f(u)=f(u)=f’(a(u))=f’(a(u)). Now assume that /?(V- W)#a(V- W). 
Put X= a- ’ (/I( V- W)). As in the proof of Theorem 5, there exists an 
isomorphism y from Gu - x onto G’u’ - a(x). As above, y is an 
isomorphism from G onto G’. 
Case (2). For any U, UE V, ufu impliesf(u)#f(u). As in Case (l), we 
can show that there exist WC V with # W=m, and an isomorphism y 
from G,. onto Gb,,,. Let V- W= {u, u}. By S.S.R.T., it holds that 
{f(u),f(u)} = {f’(a(u)), f’(a(u))>. Thus if there exists y such that 
y(u)=a(u) and y(o) =a(~), then y is an isomorphism from G onto G’. 
Assume the contrary. Then for some w  E V and XC V, f ( (u, w j u X) = 
f’(a({u,w}uX))#f({u,w}uX)=f’(a({u,w}~X)). Now let YcV be 
such that Yz {u, w} and # Y = m. Then there exists an isomorphism 6 
from G( Y, 1 4) onto G’(a( Y), 1 4). As above, it must hold that 
6(u) = a(u), 6(w) = a(w), and f ({u, w} u X) =f’(a( {u, w} u X)), which is a 
contradiction. 
Now let m= # V- 1. Let WC V be such that # W=m. Let fl be an 
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isomorphism from G( W, 1 4) onto G’(ol( W), 1 4). Let XE V- W. Since 
G( W, 4) 1: G’(cl( W), d), f(x) =f’(a(x)). Thus if p(x) = a(x), then p is an 
isomorphism from G onto G’. Otherwise one can find an isomorphism y 
from G onto G’ as in the proof of Theorem 5. 1 
COROLLARY 2. Any two (0, 3)-C-hypergraphs G and G’ are isomorphic 
iff for some m with m = 0 or 3 <m < # V, G and G’ are doubly 
m-hypomorphic. 
COROLLARY 3. Any two (0,2)-C-hypergraphs G and G’ are isomorphic 
iff for some m with m = 0 or 2 < m < # V(G), G and G’ are doubly 
m-hypomorphic. 
From S.S.R.T. and Corollary 3, we have the following. 
COROLLARY 4. Any two (0, 1)-Z-hypergruphs G and G’ are isomorphic 
iff for some 0 d m ,< # V, G and G’ are doubly m-hypomorphic. 
From Corollaries 1, 3, we have the following theorem. 
THEOREM 7. The restricted version of the Double Reconstruction Conjec- 
ture to finite undirected graphs is equivalent to Ulam’s Reconstruction 
Conjecture. 
5. ABOUT KOCAY'S FAMILY OF %HYPERGRAPHS 
Kocay [9] presented infinite pairs, (X,, Y, ), n > 2, of (0, l }-3-hyper- 
graphs, and proved that for each n 3 2, X, and Y, are 1-&hypomorphic, 
but not isomorphic. In this section, we shall prove that for each n >/ 2, X,, 
and Y,, are not doubly hypomorphic. For the notations and terminology in 
this section, the reader should refer to [9] except the following : d(x, G) 
denotes deg(x, G) in [9], and G(x, 4) (G(x, 1 4)) denotes G({x}, 4) 
(G((x>, 1 $), respectively) for XE V(G). 
THEOREM 8. For any n Z 2 and any m, 0 d m < 2” + 1, X, and Y,, are not 
doubly m-hypomorphic. 
We shall first prove the following proposition. 
PROPOSITION 3. X, and Y, are not doubly m-hypomorphic for m = 1,2. 
Proof: We first note that E(X,)= { { 1,2, 3}, {2, 3,4}, { 1, 2, co}, 
{3,4,~+ and wd=({1,2,3), {2,3,4), 12,3,~+ {1,4,=#. 
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Assume that there exists a double 1-hypomorphism ~1: l’,* + VT from X, 
onto Y,. Since u is a l-&hypomorphism, c$ (2,3}) = { 2,3}. 
Case (1). a(2) = 2. This is a contradiction since d(i, X,(2, 1 4)) Q 2 for 
iE V,- (2) and d(3, Y,(2, 1 $))=3. 
Case (2). a(2) = 3. This is a contradiction since d(2, Y,(3, 1 4)) = 3 and 
as above. 
Now assume that ~1: I’,* -+ I’: is a double 2-hypomorphism. But this is 
a contradiction since X,( { 2, 3 }, 1 4) =X, and X2 and Y, are not 
isomorphic. 1 
In the sequel, for each n > 3 and ie F’,, Anii, 0 <j< 3, denote the 
following sets. 
(1) AniO= {k~ V,Ik=i(mod4)}; 
(2) Ani2= {k~ V,lk=i++(mod4)}; 
(3) Anil= {k~ V,li+k=l (mod4)); 
(4) Anis= {kE V,li+k=3 (modk)}. 
It is clear that (A,io, Anil, Ani*, AHo) is a partition of I’,. 
PROPOSITION 4. For any n > 3, X,, and Y,, are not doubly 1-hypomorphic. 
We need the following four lemmas. 
LEMMA 1. For any n>3 and i,j~ V,, Gy,,(n)(i, 1 4) N Gi.,(n)(j, 1 4). 
Proof: We may assume 1 < i <j< 2”. We put E(Gy,,(n)(i, 1 4)) = EHi 
and E(Gy,,(n)(j, 1 (6))= E,. By induction on n, we shall prove that 
u: V, + I’,, with a(x) = x +j- i for x E V, is an isomorphism from 
Gy,,(n)(i, 1 4) onto Gy,,,(n)(j, 1 #), where the sums are computed 
mod I’,,. Let n= 3. 
We have the following: 
(1) {x,x+1,X+2}~E~iiffx~V3andi=x,i=x+1,0ri=x+2iff 
x+j-ii v, and j=x+j-i, j=x+l+j-i or j=x+2+j-i iff 
{x+j-i, x+j--i+ 1, x+j-i+2}~E~~; 
(2) {x,x+3,.~+5}~E,~ iff XEV~ and i=x,i=x+3 or i=x-t5 
iff x+j-~EI’~ and j=x+j-i, j=.x+3+j-i, or j=x+S+j-i iff 
{x+j-i, x+3+j--i, x+5+j-i}~E~~. 
Now let n 2 3. By definition, G:,,(n) = Eight(Gy,,- ,(n - 1)). Then e E Eni 
isofoneoftheforms, {x,y,z}, {x,y,z+N}, {x,y+iV,z}, {x+N,y,z}, 
(x,y+N,z+N), {x+N,y,z+N}, (x+N,y+N,z}, or {x+X y+K 
z+iV} for some {x,y,z}EE(Gy,,_,(n-l)), where N=2”-‘. Weconsider 
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the case e = {x + N, y, z} : other cases are similar. Then {p, q, r} E Eni iff 
XE v,-, and i=x+N, i=y or i=z iff (1) either x+j-iEV,-, or 
2”p1<,y+j-i<2” and (2)j=x+N+j-i,j=y+j-i, orj=z+j-i iff 
{x+N+j-i,x+j-i,z+j-i}EE,i. 1 
LEMMA 2. For any n 2 3 and i, j E V,, the foIlowing (1 t( 3) hold. 
(1) d(i,Gy,,(n))=3~2~“-~; 
(2) IfjEi(mod4) andj#i, then d(j,Gy.,(n)(i, 1 d))=O; 
(3) Ifj f i(mod4), then d(j,Gy,,(n)(i, 1 $))=2”-*, andfor some 
k E V, with k + j+ 2 (mod 4), (i, j, k) E E(Gy,,(n)(i, 1 4)). 
(4) U”jEA,ii, then {kEAni, uAni3I {iA k) ~E(G’f.,,tn))) ~~4~~3. 
(5) IfjEAnj3, then (kEA,;luA,i3I(i,j,k)EE(G~.,(n))}c’,,l. 
Proof. By the proof of Lemma 1, it suffices to prove that (l)-(5) hold 
for i = 1. We put H, = Gy.,(n)(l, 14). Part (1) follows from Corollary 2.9 
of [9]. Parts (2)-(5) are by induction on n. Let n = 3. By inspection, one 
can see that the assertions hold. 
Now let n > 3. By definition, G:,,(n) = Eight(Gy,,+, (n - 1)). 
(2) Consider any j with j= 1 (mod 4) (j # 1). Assume that 
d(j, H,)> 1 . ..(A). 
Case (2.1). j<2”-‘. Then we can see easily that A implies 
(j, 1, k} E E(Gy,.- I (n - 1)) for some k E V,_ r, which is a contradiction. 
Case (2.2). 2”-’ <j< 2”. Then A implies that j= x + N for some 
XE v,-,- {l},and {x,l,k}~E(G~,,-I(n-l))forsomek~V,~,,which 
is a contradiction since x = 1 (mod 4). 
(3) Consider any j with j f 1 (mod 4). We consider the case where 
2”- ’ <j< 2”. (The other case is similar.) We put P = j- 2”- ‘. Then 
P f i (mod 4), and by induction d(P, H,- I ) = 2”-3 and for some 
kE Vn-1% k$P+2(mod4), {l,P,k}EE(H,~,).Thenkfj+2(mod4), 
and {l,j,k}cE(H,). Moreover for each (l,k,q}~E(G~,,_,(n-1)) we 
have {i,j,q}, {i,j,q+2”-1}EE(G~,,(n)).Thusd(j,H,)=2”-2. 
(4) For P E V,, we put r(p)=p-2”-’ if p>2”-’ and r(p)=p 
otherwise. Let je Anil _ If for some k E Anil, (i, j, k} E E(H,), then (r(i), r(j), 
r(k) 1 E E(Gy,,z- r (n ~ 1 )), which is a contradiction since r(j), r(k) E A, _ ,il _ 
(5) This can be proved similarly. 1 
LEMMA 3. For any n 3 3 and i, j E V,, the following ( l)-(2) hold. 
(1) IfjEi(mod4) andj#i, then l<d(j,G,(i, 14))<2”-‘. 
(2) rfj $ i (mod4), then 26d(j, G,(i, 1 c$))<2”-‘. 
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ProoJ We put G,(i, -I $) = Gni. The proof is by induction on n. When 
n = 3, the assertion can be seen by inspection. Let n 2 3. We recall that 
Gn = Po,,(G,- 1) + P,v,,(G,- 1) + @’ n(n). 
Now we consider the case where i is even : the other case is similar. Let 
i=2kforl~k~2”-‘.Consideranyj~V,-{i}.Ififj(mod2),thend(j, 
Gni) = d(j, Gy .(n)(i, 1 #)), and the assertion follows from Lemma 2. Let 
i=j (mod 2).’ If j= i (mod 4), then d(j, Gy,,(n)(i, 1 4)) = 0 by Lemma 2, 
and 1 6 d (j, G,i) < d(j, P,v,,(G,pI )(i, 1 4)) d 2”-’ < 2”- ‘, by induction. 
If j= i+ 2 (mod 4) then 
2”-2 + 2”-= = 2”-‘, by induction. 
2 G d(j, Gy,,(n)(i, 1 $1) d d(j, G,i) G 
u 
From Lemmas 1-3, we can prove the following lemma. 
LEMMA 4. For any n > 3 and i, j E V,,, the following (l)-(7) hold. 
(1) d(cqX,)=d(co, Y,,)=22’-3. 
(2) d(i, X,) = d(i, Y,,) > 2=“-‘. 
(3) d(cqX,(i, 1 c$))=d(m, Y,(i, 1 d))=2”-2. 
(4) Zf i +j = 3 (mod 4), then d(j, X,,(i, 1 4)) = 2”-= + 1 and 
d(j, Y,,(i, 1 qS))=2”-2. 
(5) Zf i+j = 1 (mod 4), then d(j, X,(i, 1 4)) = 2”-2 and 
d(j, Y,(i, 1 4)) =2”-‘+ 1. 
(6) If j - i (mod 4) and j # i, then d(j, X,(i, 1 4)) = 
d(j, Y,,(i, 1 4)) < 2”-2. 
(7) If j= i+ 2 (mod 4), then d(j, X,,(i, 1 #))=d(j, Y,(i, 1 d))a 
2”-2+2. 
ProoJ We recall that X,=G,+Mz(n) and Y,= G,+Mi(n). We put 
X,,i=X,,(i, 1 qS), and Y,,i= Y,(i, 1 4). 
(1) This is clear by definition. 
(2) This is clear from Theorem 5.4 of [9] and definition since 
d(i, A’,)=d(i, Y,)=d(i, G,)+d(i, M;(n))~2~“~~- 1 +2”-2>22”-3 for 
EE (0, l}. 
(3 k(5) These are clear by definition and Lemma 2. For (6) (7), we 
consider the case where i = 2k for some k E I’-, . (The other case is 
similar.) We note from the definition of X, and Y, that d(p, X,,i) = 
d(p, Y,,) = d(p, G,(i, 1 4)) if p E i (mod 2). 
(6) If j= i (mod 4), then d(j, Gy,,(i, 1 4)) =0 by Lemma 2, and 
d(j, G,(i, 1 $))=d(j/2, G,-,(k, 1 d))<2”+=, by Lemma 3. 
(7) Zjj= i+ 2 (mod 4), then d(j, Gy,,(i, 1 4)) = 2”-2 by Lemma 2, 
and d(j,G,(i,lqS))=d(j/2,G,-,(k,~~))+2”-2>2+2”-2, by Lemma3 
since j/2 f k (mod 4). 1 
DOUBLERECONSTRUCTION CONJECTURE 15 
Now we can present the proof of Proposition 4. 
Proof of Proposition 4. Assume that there exists a double l-hypo- 
morphism ~1: V,* + V,* from X, onto Y,. By ( l)-(2) of Lemma 4, 
a(l)#cc. Put i=a(l) (iE V,). Let /?: V,* + V,* be an isomorphism from 
X,(1, 14) onto Y,(i, 14). By Lemma4, @(l)=/?(i), /3(A,,)=Aio, 
ml*)=~.~ m,,)=Ail5 and fi(A,,u {cc})=Ai3u {a}. Here we put 
A,, = A, for i E V, and 0 <j < 3. From (3) of Lemma 2 and definition, the 
following (l)-(2) hold. 
(1) For any SEA,,, there exists k E V, such that k .$ AlI and 
{~,j,+~(X). 
(2) {k E V,) (1, k, 03) E E(X,)} c A,,. Thus /I(a) = 00 and 
B(A,,)=Ai,. But (4)-(5) of Lemma 2 would also imply /?(A,,)=Ail, 
which is a contradiction 1 
PROPOSITION 5. For n 3 3, X, and Y,, are not doubly 2-hypomorphic. 
We need the following lemma. 
LEMMA 5. For any n > 3 and i, j6 V,,, the following (l)-(4) hold. 
(1) d(i,X,(co, 1 q+))=d(i, Y,(oci, 1 q5))=2”-2. 
(2) Zfi+j=3 (mod4) or i+j- 1 (mod4), then d(j,X,({i,oo), -I 4)) 
=d(j, Y,({i, CD}, 1 ~$))=2~“-~. 
(3) Zf j= i (mod 4) and j# i, then d(j, x,({i, co>, 1 d)), 
d(j, Y,({i, CO}, 1 4))<22”-4. 
(4) Ifj=i+2(mod4), then d(j,X,({i,oo}),d(j, Y,((i, oo}, 14))~ 
22”- 3. 
Proof. Part (1) is clear by definition. Parts (2)-( 3) follow from (1) and 
Lemma 4. For part (4), from Lemma 3, 2 6 d( j, G,(i, 1 4)) < 2”- ‘. Thus 
d(j,X,({i,co}, 1 d)), d(j, Y,({i, co}, 1 ~))~2”-1+2”-2<2”d22”~3. 1 
Proof of Proposition 5. Assume that there exists a double 2-hypo- 
morphism ~1: V,* + V,* from X, onto Y,: Let a( 1) = i and a(o0) = j. Then 
x,((l, 031, 1 d)- Y,({i,j), 14). F rom (l)-(4) of Lemma 4, i E V, 
and j= co. Let p be an isomorphism from X,,( { 1, cc }, 1 4) onto 
Y,((i,j>, 1 $1. F rom Lemma 5 and as above, /?( 1) = i and /?( cc ) = co. 
Thus X,(1, 1 4) N Y,(i, 1 co), which is a contradiction to the proof of 
Proposition 4. 1 
Now we can present the proof of Theorem 8. 
Proof of Theorem 8. Assume that X,, and Y, are doubly m-hypo- 
morphic for some Odmd2”+‘. By Propositions 3, 4, 5, m # 1, 2. Thus 
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m = 0 or 3 <m < 2” -I- 1. But this is a contradiction to Theorem 4 and the 
fact that X, and Y, are not isomorphic. 1 
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